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1. Introduction
In 1960s H. Matsumoto [2] considered the universal central extension and the
Schur-multiplier of a Chevalley group which is derived from an arbitrary ﬁeld F
and an arbitrary Cartan matrix A of ﬁnite type. Then he showed that the
corresponding Steinberg group (we denote it by StðA;FÞ) is its universal central
extension and gave a presentation of its Schur-multiplier for almost every ﬁeld.
Now one sees this Schur-multiplier is an abelian group which is strongly con-
nected with this root system.
In general, a Chevalley group GðA;RÞ over a commutative ring R is
constructed as a group using the functor represented by some Hopf algebra. And
there are many results about the structure of the associated K2 group.
In this paper we take Laurent polynomial rings F ½X ;X1. A Chevalley
group over a Laurent polynomial ring is sometimes called a loop group. Then we
consider the structure of the K2 group of a loop group and obtain the following
theorem, where K^2 will be given by generators and relations in section 3.1.2.
Theorem
Let A be a Cartan matrix of ﬁnite type. Then we have
K2ðA;F ½X ;X1ÞFcK2ðA;F ½X ;X1Þ:
2. Preliminaries
In this section K is a ﬁeld of characteristic 0. Let X ¼ ðXijÞ ð1a i; ja nÞ be
an n n symmetrizable generalized Cartan matrix. We denote a Kac-Moody Lie
algebra over K , the standard Cartan subalgebra, the associated root system, the
set of real roots obtained from X , by gðX Þ, h, D, Dre respectively. Using this
notation we can decompose gðXÞ as follows:
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gðXÞ ¼ hl ð0
a AD gaÞ; where ga :¼ fx A g j ½h; x ¼ aðhÞx Eh A hg:
We call this the root space decomposition with respect to h.
Now we introduce a nondegenerate, symmetric, invariant, bilinear form on
gðXÞ (cf. [12]). Using this we can identify h with h (here h is the dual space
of h). We can take P ¼ fa1; . . . angH h and P ¼ fh1; . . . hngH h satisfying
2ðaj; aiÞ=ðai; aiÞ ¼ Xij, where hi :¼ 2ai=ðai; aiÞ. Then P and P are called funda-
mental roots and fundamental coroots respectively.
Now we take saiðhÞ :¼ h ðai; hÞhi ðh A h or hÞ. Then sai A AutðhÞ or
AutðhÞ. And the subgroup of AutðhÞ or AutðhÞ generated by the sai ð1a ia nÞ
is called the Weyl group of the gðXÞ (cf. [12]).
Next we take a Chevalley base fea j a A D reg of g and ﬁx an integrable
representation ðp;VÞ of gðXÞ with
p : gðXÞ ! EndðVÞ:
We consider the group G :¼ hxaðtÞ j t A K ; a A DreiHAutðVÞ, where xaðtÞ :¼
ExpðpðteaÞÞ A AutðVÞ. We call the group G a Kac-Moody group. In fact G is a
central quotient of GscðX ;KÞ as in [1].
Theorem 2.1 (Universal Kac-Moody group) [1]. Let F be an arbitrary ﬁeld
and let X be an n n symmetrizable generalized Cartan matrix. Then the universal
Kac-Moody group GscðX ;FÞ (cf. [1]) is isomorphic to the group generated by the
symbols xaðuÞ ( for all u A F ) and charactarized by the following deﬁning relations:
(K1) xaðuÞ  xaðtÞ ¼ xaðuþ tÞ,
(K2) ½xaðuÞ; xbðtÞ ¼
Q
iaþjb A Qa; b xiaþjbðNa;b; i; juit jÞ,
(K3) waðvÞxbðtÞwaðvÞ ¼ xsabðha;btvbðhaÞÞ,
(K4) haðvÞhaðwÞ ¼ haðvwÞ
for all u; t A F , v;w A F  and a; b A D re, where waðvÞ ¼ xaðvÞxaðv1ÞxaðvÞ,
haðvÞ ¼ waðvÞwað1Þ.
Definition 2.1 (Steinberg group) [10] [7] [1]. Under the same condition as in
Theorem 2.1, a Steinberg group of type X over F is the group which is generated
by the symbols x^aðtÞ ( for all t A F ) and charatarized by the conditions (K1)–(K3).
Now we denote it by StðX ;F Þ.
In this paper the generators of a Kac-Moody group GscðX ;FÞ are denoted by
xaðuÞ (for all u A F  and a A D re) and the generators of a Steinberg group
StðX ;FÞ are denoted by x^aðuÞ (for all u A F  and a A D re).
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Now ha;b A fG1g is the number which satisﬁes expðadeaÞ expðadeaÞ 
expðadeaÞðebÞ ¼ ha;besab. Then the following propositions hold (cf. [5]).
Proposition 2.1. Let X be a symmetrizable generalized Cartan matrix and F
an arbitrary ﬁeld. Then the following formulas hold in GðX ;F Þ (cf. [4]) for all
u; v; t A F  and a; b A D re.
1. waðvÞxbðtÞwaðvÞ ¼ xsabðtha;bvbðhaÞÞ.
2. waðvÞwbðtÞwaðvÞ ¼ wsabðtha;bvbðhaÞÞ.
3. waðvÞhbðtÞwaðvÞ ¼ hsabðtÞ.
4. haðvÞxbðtÞhaðv1Þ ¼ xbðtubðhaÞÞ.
5. haðvÞwbðtÞhaðv1Þ ¼ wbðtubðhaÞÞ.
6. haðvÞhbðtÞhaðv1Þ ¼ hbðtÞ.
Here waðvÞ ¼ xaðvÞxaðv1ÞxaðvÞ, haðvÞ ¼ waðvÞwað1Þ.
Proposition 2.2. Let X be a symmetrizable generalized Cartan matrix and
F be an arbitrary ﬁeld. Then the following formulas hold in StðX ;FÞ for all
u; v; t A F  and a; b A D re.
1. w^aðvÞx^bðtÞw^aðvÞ ¼ x^sabðtha;bvbðhaÞÞ.
2. w^aðvÞw^bðtÞw^aðvÞ ¼ w^sabðtha;bvbðhaÞÞ.
3. w^aðvÞh^bðtÞw^aðvÞ ¼ h^sabðtha;bubðhaÞÞh^sabðha;bubðhaÞÞ.
4. h^aðvÞx^bðtÞh^aðv1Þ ¼ x^bðtubðhaÞÞ.
5. h^aðvÞw^bðtÞh^aðv1Þ ¼ w^bðtubðhaÞÞ.
6. h^aðvÞh^bðtÞh^aðv1Þ ¼ h^bðtubðhaÞÞh^1b ðubðhaÞÞ.
Proposition 2.3. Notation is as above. Then the following formulas hold for
all a; b A D.
1. ha;bha;sab ¼ ð1ÞbðhaÞ.
2. ha;a ¼ 1.
3. ha;a ¼ 1.
Definition 2.2 [11]. Let X be a symmetrizable generalized Cartan matrix
and F an arbitrary ﬁeld. Now we can deﬁne a natural group homomorphism
c : StðX ;F Þ ! GscðX ;FÞ by Cðx^aðuÞÞ ¼ xaðuÞ for all a A D re and u A F . Then the
kernel of C is denoted by K2ðX ;FÞ. It is sometimes called the K2 group of
GscðX ;FÞ.
Theorem 2.2 [1] [4] [11]. Let X be a symmetrizable generalized Cartan
matrix and F an arbitrary ﬁeld, and let P be the set of fundamental roots obtained
from X. Now we shall consider the following exact sequence:
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f1g ! K2ðX ;F Þ ! StðX ;FÞ ! GscðX ;F Þ ! f1g ðexactÞ:
Then the following results hold.
1: K2ðX ;F Þ ¼ hh^aiðuÞh^aiðvÞh^1ai ðuvÞ j ai A P u; v A F i.
2: K2ðX ;F Þ is an abelian group and if F is an inﬁnite ﬁeld, then StðX ;F Þ is a
universal centaral extension of GðX ;FÞ.
3: K2ðX ;F Þ is isomorphic to the group which is generated by the symbols
Caiðu; vÞ for all ai A P and u; v A F , and charactarized by the following relations
(M1)–(M8). Usually we say that K2ðX ;FÞ has a Matsumoto-type presentation:
(M1) Caiðu; vÞCaiðuv;wÞ ¼ Caiðu; vwÞCaiðv;wÞ,
(M2) Caiðu; vÞ ¼ Caiðv; u1Þ,
(M3) Caiðu; 1Þ ¼ Caið1; uÞ ¼ 1,
(M4) Caiðu; vÞ ¼ Caiðu;uvÞ,
(M5) Caiðu; vÞ ¼ Caiðu; ð1 uÞvÞ with ð1 uÞ A F ,
(M6) Caiðu; vaiðhjÞÞ ¼ Caj ðuajðhiÞ; vÞ denoting it by Caiaj ðu; vÞ,
(M7) Caiaj ðuv;wÞ ¼ Caiaj ðu;wÞCaiaj ðv;wÞ,
(M8) Caiaj ðu; vwÞ ¼ Caiaj ðu; vÞCaiaj ðu;wÞ for all u; v;w A F  and ai; aj A P.
Here we can recognize that Caiðu; vÞ corresponds to h^aiðuÞh^aiðvÞh^aiðuvÞ1.
Furthermore h^aðuÞh^aðvÞh^aðuvÞ1 is in K2ðA;FÞ, for any real root a. We denote
it by Caðu; vÞ.
As above, the group structure of K2ðX ;FÞ is well known in case of an
arbitrary ﬁeld F . Now it is natural to study the group structure of K2 group when
we take rings instead of ﬁelds. And there are many results about this quastion.
We introduce two of them.
In fact if X is a Cartan matrix of ﬁnite type, then we can obtain a certain
group functor GðX ; Þ ¼ AlgZðHZ ; Þ, using a Hopf algebra HZ , corresponding
to our ﬁnite dimentional Kac-Moody group here. Then, the group GðX ;RÞ for a
commutative ring R is called a Chevalley group (cf. [1]).
Definition 2.3 (Steinberg Groups over Rings). Let R be a commutative ring
and let X be a Cartan matrix of ﬁnite type. Let D be the root system obtained from
X. Then we consider the group generated by the symbols x^aðtÞ for all t A R and
a A D, and charactarized by the relation (K1)–(K3) (see Theorem 2.1). We call it a
Steinberg group and denote it by StðX ;RÞ.
Now we can deﬁne a natural group homomorphism c : StðX ;RÞ ! GscðX ;RÞ
by Cðx^aðuÞÞ ¼ xaðuÞ, and we denote KerðcÞ by K2ðX ;RÞ (cf. [11] [1] [10]). Then
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there is a natural question asking whether or not K2ðX ;RÞ has a Matsumoto-
Type presentation.
Theorem 2.3 [7]. Let X be a Cartan matrix of ﬁnite type, and let R be a
local ring whose residue ﬁeld is inﬁnite, and P the set of fundamental roots
obtained from X. Then we have following.
1: K2ðX ;RÞ ¼ hh^aiðuÞh^aiðvÞh^1ai ðuvÞ j ai A P u; v A F i.
2: K2ðX ;RÞ is generated by the symbols Caiðu; vÞ for all u; v A F  and ai A P,
and has a Matsumoto-type presentation.
Theorem 2.4 [13]. Let p be a prime number which is neither 2 nor 3, then
K2ðAn;Z½1=pÞ does not have a Matsumoto-type presentation for all 1a n.
3. Mainresults
In this chapter we suppose that F is an arbitrary ﬁeld and A is a Cartan
matrix of ﬁnite type, and Aa¤ is the a‰ne Cartan matrix obtained from A whose
tier number is 1. (For the deﬁnition of the tier number of A, see [12].)
Now we consider the K2 group obtained from a simply connected loop group
GscðA;F ½X ;X1Þ, this is a universal Chevalley group generated by a Laurent
polynomial ring (cf. [9]). Then we have
1! K2ðA;F ½X ;X1Þ ! StðA;F ½X ;X1Þ ! GscðA;F ½X ;X1Þ ! 1 ðexactÞ:
In the above exact sequence, we want to determine a group presentation of
K2ðA;F ½X ;X1Þ.
It is known that GscðA;F ½X ;X1Þ is generated by the symbols xaiðuX mÞ for
all u A F , m A Z, and ai A P, where P is the set of fundamental roots obtained
from A, and charactarized by the relations (K1)–(K4) as in Theorem 2.1 (cf. [9]
[3]).
3.1. The Case of A1
In this section fag is the set of a fundamental root in the root system of A1.
And fa0; a1g is the set of fundamental roots in the root system of Aa¤1 .
It is known that GscðA1;F ½X ;X1Þ ¼ SLð2;F ½X ;X1Þ (cf. [13]). Now we
give a presentation of K2ðA1;F ½X ;X1Þ which satisﬁes the following exact se-
quence:
1! K2ðA1;F ½X ;X1Þ ! StðA1;F ½X ;X1Þ ! SLð2;F ½X ;X1Þ ! 1 ðexactÞ:
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3.1.1. Exact Sequence of A1 Type
Fig. 1[9]
1???y
1 1 F ???y
???y
???y
1 ! K2ðAa¤1 ;F Þ ! StðAa¤1 ;FÞ ! GscðAa¤1 ;F Þ ! 1???y
???yF
???yC
1 !K2ðA1;F ½X ;X1Þ ! StðA1;F ½X ;X1Þ ! SLð2;F ½X ;X1Þ ! 1???y
???y
???y
F  1 1???y
1
The above diagram is commutative, and each sequence is exact. Here F and
C are group homomorphisms given by
F : StðAa¤1 ;F Þ ! StðA1;F ½X ;X1Þ
x^na0þðnþ1Þa1ðtÞ 7! x^aðtX nÞ
x^na0þðn1Þa1ðtÞ 7! x^aðtX nÞ
w^na0þðnþ1Þa1ðtÞ 7! w^aðtX nÞ
w^na0þðn1Þa1ðtÞ 7! w^aðtX nÞ
and
C : GscðAa¤1 ;F Þ ! SLð2;F ½X ;X1Þ
xna0þðnþ1Þa1ðtÞ 7!
1 tX n
0 1
 
xna0þðn1Þa1ðtÞ 7!
1 0
tX n 1
 
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wna0þðnþ1Þa1ðtÞ 7!
0 tX n
t1Xn 0
 
wna0þðn1Þa1ðtÞ 7!
0 tXn
tX n 0
 
hna0þðnþ1Þa1ðtÞ 7!
t 0
0 t1
 
hna0þðn1Þa1ðtÞ 7!
t1 0
0 t
 
for all t A F  and n A Z, respectively (cf. [9]).
Since the group presentations of StðAa¤1 ;F Þ and StðA1;F ½X ;X1Þ are well
known, it is easy to see that F is an isomorphism. And also it is easy to show
that C is well-deﬁned. Here we note that StðA1;F ½X ;X1Þ has a Bruhat de-
composition (cf. [4] [9]).
Proposition 3.1 [4] [2]. Notation is as above. Then K2ðAa¤1 ;FÞ is the group
generated by the symols Caðu; vÞ for all u; v A F  and a A fa0; a1g, where Caðu; vÞ ¼
h^ðuÞh^ðvÞh^1ðuvÞ, and charactarized by the relations (L1)–(L7):
(L1) Caðu; vÞCaðuv;wÞ ¼ Caðu; vwÞCaðv;wÞ,
(L2) Caðu; 1Þ ¼ Cað1; vÞ ¼ 1,
(L3) Caðu; vÞ ¼ Caðv1; uÞ,
(L4) Caðu;uvÞ ¼ Caðu; vÞ,
(L5) Caðu; vÞ ¼ Caðu; ð1 uÞvÞ (if 1 u A F ),
(L6) Ca0ðu; v2Þ ¼ Ca1ðu2; vÞ (denoting it by Ca0a1ðu; vÞ),
(L7) Ca0a1ðu; vÞ is bimultiplicative
for all u; v A F  and a A fa0; a1g.
Proposition 3.2 [6]. Notation is as above. Then SLð2;F ½X ;X1Þ has a
Bruhat decomposition.
Proposition 3.3 [9]. Notation is as above. Then we have Ker C ¼
fha0ðtÞha1ðtÞ j t A F g.
Proof. Since both SLð2;F ½X ;X1Þ and GðAa¤1 ;FÞ have Bruhat decom-
positions, and since C preserves the Bruhat decomposition, we can see Ker CJ
hhaiðtiÞ j 0a ia 1i. Hence each element of Ker C can be written as ha0ðtÞha1ðtÞ
for some t A F . Therefore we obtain the derived result. r
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3.1.2. Construction of Isomorphism
Definition 3.1. Now we recognize fu; vga as a symbol for all u; v A F . We
deﬁne the group K^2ðA1;F ½X ;X1Þ, whose generators are fu; vga for all u; v A F 
and which is charactarized by the following relations (M 01)–(M 05):
(M 01) fu; vgafuv;wga ¼ fu; vwgafv;wga,
(M 02) fu; 1ga ¼ f1; uga ¼ 1,
(M 03) fu; vga ¼ fv1; uga,
(M 04) fu;uvga ¼ fu; vga,
(M 05) fu; ð1 uÞvga ¼ fu; vga (if ð1 uÞ A F ½X ;X1)
for all u; v;w A F .
Proposition 3.4. Let h : K^2ðA1;F ½X ;X1Þ ! K2ðA1;F ½X ;X1Þ be a homo-
morphism with hðfu; vgaÞ ¼ h^aðuÞh^aðvÞh^aðuvÞ1, for all u; v A F . Then the h is a
group homomorphism.
Proof. We only have to check (M 01) to (M 05) (cf. [2]). r
By the commutative diagram in Fig 1, we can see K2ðA1;F ½X ;X1ÞH
StðA1;F ½X ;X1Þ and K2ðAa¤1 ;FÞHStðAa¤1 ;FÞ. Hence we can conclude that
K2ðA1;F ½X ;X1Þ ¼ FðhKer C;K2ðAa¤1 ;FÞiÞ
¼ hh^a0ðtÞh^a1ðtÞ1;K2ðAa¤1 ;F Þ j t A F i:
We restrict F to hh^a0ðtÞh^a1ðtÞ1;K2ðAa¤1 ;FÞ j t A F i. Then we have
FðCa0ðu; vÞÞ ¼ Caðu;X ÞCaðu;vXÞ;
FðCa1ðu; vÞÞ ¼ Caðu; vÞ;
Fðh^a0ðtÞh^a1ðtÞ1Þ ¼ Caðt;X Þ1Caðt;1Þ;
hK2ðAa¤1 ;FÞ; h^a0ðtÞh^a1ðtÞi ! cK2ðA1;F ½X ;X1Þx???
K2ðA1;F ½X ;X1Þ  

Figure A
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where h^aðtÞ ¼ h^aðt2Þh^aðtÞCaðt;1Þ1 and Caðu; vÞ ¼ Caðu;vÞCaðu;1Þ1 for
all u; v; t A F  (see Proposition 3.8, 3.9).
Now if the following correspondance x gives a group homomorphism, we
can see that Fig A is a commutative diagram. From that we can conclude that
K2ðA;F ½X ;X1Þ has a Matsumoto-type presentation.
x : hK2ðAa¤1 ;FÞ; h^a0ðtÞh^a1ðtÞ j t A F i! K^2ðA1;F ½X ;X1Þ
Ca0ðu; vÞ 7! fu;Xg1a fu;vXga
Ca1ðu; vÞ 7! fu; vga
h^a0ðtÞh^a1ðtÞ1 7! ft;Xg1a ft;1ga for all u; v; t A F : ð1Þ
3.1.3. Well-deﬁnedness of x
Central Extension. In this subsection, we make use of the theory of
centaral extensions to analyse abelian groups which have a Matsumoto-type
presentations (cf. [13]). Let R be a commutative ring. Let L be an abelian group
generated by the symbols hu; vi for all u; v A R, and charactarized by the
relations (M 01)–(M 04) (as in Deﬁnition 3.1). Now we take the symbols CðrÞ for
all r A R, and consider the set H :¼ fCðrÞhu; vi j r A R; u; v A F g. We deﬁne a
multiplication in H with the following deﬁning relations:
Cðr1ÞCðr2Þ ¼ Cðr1r2Þhr1; r2i;
hu; viCðrÞ ¼ CðrÞhu; vi for all r1; r2 A R and u; v A F :
Lemma 3.1. H has a group structure.
Proof. To see the associativity of our multiplication in H is easy. The unit
of H is Cð1Þ. And the inverse element of CðrÞhu; vi is Cðr1Þhr; r1i1hu; vi for
all r; u; v A R. Hence we obtain the derived result. r
Now we obtain the following exact sequence:
1! L! H ! R ! 1 ðexactÞ:
And H is a central extension of R by L.
Lemma 3.2. Let ½ ;  : H H ! L be the form deﬁned by ½x; y :¼ xyx1y1
for all x; y A H. Then it is bimultiplicative. Furthermore if b; c A L, then ½x; y ¼
½xb; yc. Usually we say that ½ ;  has a mod L stability.
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Proof. We have
½x; z½y; z ¼ xzx1z1yzy1z1 ðsince x and zx1z1 are commutativeÞ
¼ zx1z1xyzy1z1 ðsince zx1z1x and yzy1z1 are commutativeÞ
¼ yzy1x1z1x ðsince yzy1x1z1 and x are commutativeÞ
¼ xyzy1x1z1 ¼ ½xy; z:
Therefore we obtain the desired result. r
Lemma 3.3. For all p; q A R, we have ½CðpÞ;CðqÞ ¼ hp2; qi.
Proof. We have
½CðpÞ;CðqÞ ¼ CðpÞCðqÞCðpÞ1CðqÞ1
¼ CðpqÞhp; qiCðp1Þhp; p1i1Cðq1Þhq; q1i1
¼ CðpqÞCðp1ÞCðq1Þhp; qihp; p1i1hq; q1i1
¼ hpq; p1ihq; q1ihp; qihp; p1i1hq; q1i1
¼ hp;1i1hp; qihp;qi:
Now we can see hp; pihp2; qi ¼ hp; pqihp; qi.
Hence hp2; qi ¼ hp;1i1hp;qihp; qi.
Therefore we obtain the desired result. r
Lemma 3.4. For all p; q; r A R, we have hp2q; ri ¼ hp2; rihq; ri.
Proof. Since
hp2; qihp2; ri ¼ hp2; qri
hp2; qihp2q; ri ¼ hp2; qrihq; ri;
we obtain hp2q; ri ¼ hp2; rihq; ri. r
Lemma 3.5. For all p; q A R, we have hp2; qi ¼ hp; q2i.
Proof. We see the left hand side ¼ ½CðpÞ;CðqÞ, and the right hand
side ¼ hq2; p1i ¼ ½CðqÞ;Cðp1Þ ¼ ½CðqÞ;CðpÞ1 for all p; q A R, since ½ ;  has
a mod L stability.
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We put CðpÞ :¼ X and CðqÞ :¼ Y . Then XYX1Y1 ¼ YXY1X1, so we
have ½X ;Y  ¼ ½Y ;X1. r
Proposition 3.5. In K^2ðA1;F ½X ;X1Þ (resp. in K2ðA1;F ½X ;X1Þ), we have
fu; v2ga ¼ fu2; vga (resp. Caðu; v2Þ ¼ Caðu2; vÞ) and fu2v;wga ¼ fu2;wgafv;wga
(resp. Caðuv2;wÞ ¼ Caðu;wÞCaðv2;wÞ) for all u; v A R.
Proof. From Lemma 3.4 and Lemma 3.5, this is easily shown. r
The result of Proposition 3.5 is stated in [10] [14] without proof, and the
proof of the proposition seems to be not trivial, so we give its proof here.
About K2ðA1;F ½X ;X1Þ
Lemma 3.6. In StðAa¤1 ;FÞ we have
h^a0ðsÞh^a1ðsÞ1h^a0ðtÞh^a1ðtÞ1
¼ h^a0ðstÞh^a1ðstÞ1Ca0ðt; sÞCa1ðt;sÞ1Ca1ðt;1Þ for all s; t A F :
Proof. Note ½h^a0ðtÞ; h^a1ðsÞ ¼ Ca0ðt; s2Þ and h^aiðsÞh^aiðs1Þ ¼ Caiðs;1Þ (cf.
[4]).
We have ½h^a0ðtÞ1; h^a1ðsÞ1 ¼ ½h^a0ðt1Þ; h^a1ðs1Þ ¼ Ca0ðt1; s2Þ. Then
the left hand side ¼ h^a0ðsÞh^a1ðsÞ1h^a0ðtÞh^a1ðtÞ1
¼ h^a0ðsÞh^a0ðtÞh^a0ðtÞ1h^a1ðsÞ1h^a0ðtÞh^a1ðsÞh^a1ðsÞ1h^a1ðtÞ1
¼ h^a0ðsÞh^a0ðtÞ½h^a0ðtÞ1; h^a1ðsÞ1h^a1ðsÞ1h^a1ðtÞ1
¼ h^a0ðstÞCa0ðs; tÞCa0ðt1; s2Þh^a1ðstÞ1Ca1ðt; sÞ1
¼ h^a0ðstÞh^a1ðstÞ1Ca0ðs; tÞCa0ðt1; s2ÞCa1ðt;1ÞCa1ðt;sÞ1
¼ h^a0ðstÞh^a1ðstÞ1Ca0ðt1; sÞCa0ðt1; s2ÞCa1ðt;1ÞCa1ðt;sÞ1
¼ h^a0ðstÞh^a1ðstÞ1Ca0ðt; sÞCa1ðt;1ÞCa1ðt;sÞ1
¼ the right hand side: Therefore we obtain the desired result:
r
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From Lemma 3.6, the subgroup hK2ðAa¤1 ;FÞ; h^a0ðtÞh^a1ðtÞ1 j t A F i is a
central extension of fh^a0ðtÞh^a1ðtÞ1 j t A F g by the K2ðAa¤1 ;FÞ. So we can obtain
the group presentation of hK2ðAa¤1 ;F Þ; h^a0ðtÞh^a1ðtÞ j t A F i from the group pre-
sentation of K2ðAa¤1 ;FÞ and the following X:
X h^a0ðsÞh^1a1ðsÞh^a0ðtÞh^1a1ðtÞ
¼ h^a0ðstÞh^1a1ðstÞCa0ðt; sÞCa1ðt;sÞ
1
Ca1ðt;1Þ for all s; t A F : ð2Þ
Determine the Presentation of K2ðA1;F ½X ;X1Þ
If we prove that xj
K2ðAa¤1 ;FÞ
(as in (1)) is well-deﬁned and x preserves X (as in
(2)), we can conclude that x is well-deﬁned.
Lemma 3.7. Notation is as above. Then xj
K2ðAa¤1 ;FÞ
is well-deﬁned.
Proof. It is su‰cient to conﬁrm that xj
K2ðAa¤1 ;FÞ
preserves the relations
(M1)–(M7) (as in Theorem 2.2).
We remark that Ca1ðu; vÞ for all u; v A F  satisﬁes the relations (M1)–(M5)
and our xj
K2ðAa¤1 ;FÞ
preserves the relation (M1)–(M5) in the case of Ca1ðu; vÞ for
all u; v A F . Hence we consider the case of (M1)–(M5) for Ca0ðu; vÞ and the case
of (M6)–(M7) for both Ca1ðu; vÞ and Ca0ðu; vÞ for all u; v A F .
First we prove that our xj
K2ðAa¤1 ;FÞ
preserve the relation (M1)–(M5) in the
case of Ca0ðu; vÞ for all u; v A F .
(M1):
We have
xðCa0ðu; vÞÞxðCa0ðuv;wÞÞ
¼ xðCa0ðu; vwÞÞxðCa0ðv;wÞÞ
, fu;Xg1a fu;vXgafuv;Xg1a fuv;wXga
¼ fu;Xg1a fu;vwXgafv;Xg1a fv;wXga
ðusing fu; vgafuv;Xga ¼ fu;vXgafv;XgaÞ
, fu;Xg1a fu; vgafv;Xg1a fuv;wXga
¼ fu;Xg1a fu;vwXgafv;Xg1a fv;wXga
, fu; vgafuv;wXga ¼ fu;vwXgafv;wXga for all u; v;w A F :
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Hence we have shown that our xj
K2ðAa¤1 ;FÞ
preserves (M1) in the case of
Ca0ðu; vÞ for all u; v A F . It is easily shown that our xjK2ðAa¤1 ;FÞ preserves the
relations (M1)–(M5).
Next we show that our xj
K2ðAa¤1 ;FÞ
preserves the relation (M6), (M7) for both
Ca0ðu; vÞ and Ca1ðu; vÞ for all u; v A F .
(M6):
We have
xðCa0ðu; va0ðh1ÞÞÞ ¼ xðCa1ðua1ðh0Þ; vÞÞ
, xðCa0ðu; v2ÞÞ ¼ xðCa1ðu2; vÞÞ
, fu;Xgafu;v2Xga ¼ fu2; vga
, fu; v2ga ¼ fu2; vga:
Hence our correspondence preserves (M6). Finally we discuss (M7).
(M7):
We have
xðCa0a1ðu; vwÞÞ ¼ xðCa0a1ðu; vÞCa0a1ðu;wÞÞ , fu2; vwga ¼ fu2; vgafu2;wga.
Hence our correnpondence preserves (M7). Therefore we obtain the desired
result. r
Proposition 3.6. Notation is as above. Then x preserves X.
Proof. We apply our x to the left hand side and right hand side of the
above equation X. Now we have
xðh^a0ðsÞh^1a1ðsÞh^a0ðtÞh^1a1ðtÞÞ
¼ xðh^a0ðstÞh^1a1ðstÞCa0ðt; sÞCa1ðt;sÞ
1
Ca1ðt;1ÞÞ
, fs;Xg1a fs;1gaft;Xg1a ft;1ga
¼ fst;Xg1a fst;1gaft;Xg1a ft;sXgaft;sg1a ft;1ga
, fs;Xg1a fs;1ga ¼ fst;Xg1a fst;1gaft;sXgaft;sg1a
ðusing ft; sgafts;Xga ¼ ft;sXgafs;XgaÞ
, fs;Xg1a fs;1ga ¼ ft; sgafs;Xg1a fst;1gaft;sg1a
, ft;sgafs;1ga ¼ ft; sgafst;1ga for all s; t A F :
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Hence our x preserves X. r
Hence the well-deﬁnedness of x has be shown, and we obtain the following
theorem.
Theorem 3.1. Notation is as above. Then we have K2ðA1;F ½X ;X1ÞF
K^2ðA1;F ½X ;X1Þ.
3.2. General Case
3.2.1. Exact Sequence of General Case
In this section A is any Cartan matrix of ﬁnite type ðA0A1Þ and Aa¤ is the
a‰ne Cartan matrix obtained from A whose tier number is 1. (For the deﬁnition
of the tier number of A, see [12].) Let fa1; . . . ang be the set of fundamental roots
in the root system D of A and denote it by P, and fa0; a1; . . . ang is the set of
fudamental roots in the root system Da¤ of A
a¤ and denote it by Pa¤ . The set of
real roots in Aa¤ is denoted by D rea¤ . Furthermore W is the Weyl group obtained
from A, and Wa¤ is the Weyl group obtained from A
a¤ . We choose d A Da¤ as
a fundamental null root of Da¤ , and y is the highest root of D, and we put
hy :¼ 2y=ðy; yÞ.
Fig. 2[9]
1???y
1 1 F ???y
???y
???y
1 ! K2ðAa¤ ;F Þ ! StðAa¤ ;FÞ ! GscðAa¤ ;FÞ ! 1???y
???yF
???yC
1 ! K2ðA;F ½X ;X1Þ ! StðA;F ½X ;X1Þ ! GscðA;F ½X ;X1Þ ! 1???y
???y
???y
F  1 1???y
1
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The above diagram is commutative and each sequence is exact. Here F and
C are group homomorphisms given by
F : StðAa¤1 ;F Þ ! StðA;F ½X ;X1Þ
x^ndþaðtÞ 7! x^aðtX nÞ
w^ndþaðtÞ 7! w^aðtX nÞ
h^ndþaðtÞ 7! h^aðtX nÞh1a ðX nÞ
h^a0ðtÞ 7! h^yðtXÞh1yðXÞ
h^aiðtÞ 7! h^aiðtÞ
and
C : GscðAa¤ ;FÞ ! GscðA;F ½X ;X1Þ
xndþaðtÞ 7! xaðtX nÞ
wndþaðtÞ 7! waðtX nÞ
hndþaðtÞ 7! haðtÞ
for all t A F , n A Z and a A D, respectively.
Proposition 3.7 [9]. Notation is as above. Then we have
Ker C ¼ fha0ðt0Þha1ðt1Þ    hal ðtlÞ j hyðt0Þ ¼ ha1ðt1Þ    hal ðtlÞ A GðA;F ½X ;X1Þg:
Proof. Since GðAa¤ ;FÞ has a standard Bruhat decomposition, we see
Ker CH hhaiðtÞ j i ¼ 0; 1; . . . n t A F i ¼ fha0ðt0Þha1ðt1Þ    hal ðtlÞ j ti A F g:
Applying C to ha0ðt0Þ    hal ðtlÞ, we have hyðt0Þ ¼ ha1ðt1Þ    hal ðtlÞ. r
Proposition 3.8 [4] [2]. Let a be in fa0; a1; . . . ang, and u, v, w in F . Then
K2ðAa¤ ;FÞ is generated by Caiðu; vÞ for all u; v A F  and ai A Pa¤ , where Caiðu; vÞ ¼
h^aiðuÞh^aiðvÞh^aiðuvÞ1, and charactarized by the following relations (L1)–(L7):
(L1) Caðu; vÞCaðuv;wÞ ¼ Caðu; vwÞCaðv;wÞ,
(L2) Caðu; 1Þ ¼ Cað1; vÞ ¼ 1,
(L3) Caðu; vÞ ¼ Caðv1; uÞ,
(L4) Caðu;uvÞ ¼ Caðu; vÞ,
(L5) Caðu; vÞ ¼ Caðu; ð1 uÞvÞ (if 1 u A F ),
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(L6) Caiðu; vaiðhjÞÞ ¼ Caj ðuajðhiÞ; vÞ denoting it by Caiaj ðu; vÞ,
(L7) Caiaj ðu; vÞ is bimultiplicative
for all u; v;w A F  and ai; aj A Pa¤ .
Now we can recognize that Caðu; vÞ is the element corresponding to
h^aðuÞh^aðvÞh^aðuvÞ1 for all a A D re.
3.2.2. Action of Weyl Group
Proposition 3.9. In StðAa¤ ;FÞ, we have h^sabðtÞ ¼ h^aðtaðhbÞÞh^bðtÞ 
Cbðt; ha;saðbÞÞ1 for all t A F  and a; b A Dre.
Proof. Note that h^sabðtÞwað1Þh^sabðtÞ1 ¼ h^sabðtÞw^að1Þh^sabðtÞ1w^að1Þw^að1Þ.
Then we have
w^aðtaðhbÞÞ ¼ h^sabðtÞwað1Þh^sabðtÞ1h^sabðtÞw^að1Þh^sabðtÞ1w^að1Þw^að1Þ
¼ h^sabðtÞCbðt; ha;saðbÞÞh^bðtÞ1w^að1Þ:
Hence we obtain the desired result. r
Proposition 3.10. In StðAa¤ ;F Þ, we have Csabðu; vÞ ¼ Cbðu; vhÞCbðu; hÞ1,
where h ¼ ha;sab, for all u; v A F  and a; b A D re.
ð3Þ
Proof. We see
Csabðu; vÞ ¼ h^sabðuÞh^sabðvÞh^sabðuvÞ1
¼ h^aðuaðhbÞh^bðuÞh^aðvaðhbÞÞh^bðvÞh^bðuvÞ1h^aðfuvgaðhbÞÞ1
 Cbðu; hÞ1Cbðv; hÞ1Cbðuv; hÞ
ðusing the formula ½h^aðuÞ; h^bðvÞ ¼ Cabðu; vÞ ðcf : ½4ÞÞ
¼ h^aðuaðhbÞh^aðvaðhbÞh^bðuÞh^bðvÞh^bðuvÞ1h^aðfuvgaðhbÞÞ
 Cbðu; hÞ1Cbðv; hÞ1Cbðuv; hÞCbaðu; vaðhbÞÞ
¼ CaðuaðhbÞ; vaðhbÞÞCbðu; vÞCbðu; hÞ1Cbðv; hÞ1Cbðuv; hÞCbaðu; vaðhbÞÞ
ðusing CaðuaðhbÞ; vaðhbÞÞ ¼ Cbaðu1; vaðhbÞÞÞ
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¼ Cbaðu1; vaðhbÞÞ
¼ Cbðu; vÞCbðu; hÞ1Cbðv; hÞ1Cbðuv; hÞ
¼ Cbðu; vhÞCbðu; hÞ1:
Therefore we obtain the desired result. r
Proposition 3.11. Let a A D rea¤ . Then there exist h A fG1g and ai A P such
that Caðu; vÞ ¼ Caiðu; vhÞCaiðu; hÞ1 for all u; v A F .
Proof. We take a ¼ si1si2    sirðaiÞ AWa¤ ðfa0    angÞ ¼ fwðbÞ jw AWa¤ ;
b A Pa¤ g.
Now put
a ¼ si1si2    sirðaiÞ
að1Þ ¼ si2    sirðaiÞ
að2Þ ¼ si3    sirðaiÞ
   :
Then using (3) above, we have
Caðu; vÞ ¼ Cað1Þðu; vh1ÞCað1Þðu; h1Þ1
¼ Cað2Þðu; vh1h2ÞCað2Þðu; h2Þ1Cað2Þðu; h2ÞCað2Þðu; h1h2Þ1
¼ Cað2Þðu; vh1h2ÞCað2Þðu; h1h2Þ1   
for some h1; h2    A fG1g.
Therefore we obtain the desired result. r
Definition 3.2. We deﬁne K^2ðA;F ½X ;X1Þ as a group whose generators
are the symbols C^aiðu; vÞ for all u; v A F ½X ;X1 and ai A P and charactarized by
relations (M1)–(M7):
(M1) C^aiðu; vÞC^aiðuv;wÞ ¼ C^aiðu; vwÞC^aiðv;wÞ,
(M2) C^aiðu; 1Þ ¼ C^aið1; vÞ ¼ 1,
(M3) C^aiðu; vÞ ¼ C^aiðv1; uÞ,
(M4) C^aiðu; vÞ ¼ C^aiðu;uvÞ,
(M5) C^aiðu; vÞ ¼ C^aiðu; ð1 uÞvÞ (if 1 u A F ),
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(M6) C^aiðu; vaiðhaj ÞÞ ¼ C^aj ðuajðhai Þ; vÞ denoting it by C^aiaj ðu; vÞ,
(M7) C^aiaj ðu; vÞ is bimultiplicative
for all u; v;w A F  and ai; aj A P. Note we can conclude that Caiðu; v2Þ ¼ Caiðu2; vÞ
and Caiðuv2;wÞ ¼ Caiðu;wÞCaiðv2;wÞ (as in Proposition 3.5).
Proposition 3.12. We can deﬁne the action of the Weyl group oncK2ðA;F ½X ;X1Þ as follows:
siðC^bðu; vÞÞ :¼ C^bðu; vhai ;sai bÞC^bðu; hai ;sai bÞ
1
for all u; v A F ; si AW and b A P:
Proof. Let b be a fundamental root. The statement is proved if we
show:
sg1sg2    sgrðbÞ ¼ b ) C^sg1sg2 sgr ðbÞðu; vÞ ¼ C^bðu; vÞ:
Now we see
C^sg1sg2 sgr ðbÞðu; vÞ
¼ C^sg2 sgrbðu; vhg1;sg1sg2 sgrbÞC^sg2 ;sgrbðu; hg1;sg1sg2 ;sgrbÞ
1
¼ C^sg3 sgrbðu; vhg1;sg1sg2 sgrbhg2;sg2sg3 sgrbÞC^sg3 sgr ðbÞðu; hg2;sg2sg3 sgrbÞ
1
¼ C^sg3 sgrbðu; hg1;sg1sg2 sgrbhg2;sg2sg3 sgrbÞ
1
C^sg3 sgr ðbÞðu; hg2;sg2sg3 sgrbÞ
¼ C^sg3 sgrbðu; vhg1;sg1sg2 sgrbhg2;sg2sg3 sgrbÞ
 C^sg3 sgr ðbÞðu; hg1;sg1sg2 sgrbhg2;sg2sg3 sgrbÞ
1
ðcontinuing in this way   Þ
¼ C^bðu; vhg1;sg1sg2 sgrbhg2;sg2sg3 sgrb    hgr;sgrbÞ
 C^bðu; hg1;sg1sg2 sgrbhg2;sg2sg3 sgrb    hgr;sgrbÞ
1:
Note that ha;b A fG1g satisﬁes
ExpðadeaÞ ExpðadeaÞ ExpðadeaÞeb ¼ ha;besab:
If we put wað1Þ :¼ ExpðadeaÞ ExpðadeaÞ ExpðadeaÞ, then we have
wg1ð1Þesg1sg2 sgrb ¼ hg1sg1sg2 sgrbesg2sg3 sgrb
wg2ð1Þesg2sg3 sgrb ¼ hg2sg2sg2 sgrbesg3sg4 sgrb
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(continuing in this way   )
wgrð1Þesrb ¼ hgr;srbeb:
Then we obtain
wgrð1Þwg2ð1Þ   wg1ð1Þesg1sg2 sgrb
¼ hg1;sg1sg2 sgrbhg2;sg2sg3 sgrb    hgr;sgrbeb; where
sg1sg2    sgrb ¼ b implies sgrsgr1    sg1b ¼ b:
From the general theory of Kac-Moody groups, we can write wgrð1Þ   
wg2ð1Þwg1ð1Þ ¼ hai1 ð1Þhai2 ð1Þ    haim ð1Þ for some ai1 ; . . . air A P. Since
haðuÞeb ¼ ubðhaÞeb, we can write
wgrð1Þwg2ð1Þ   wg1ð1Þeb ¼ hai1 ð1Þhai2 ð1Þ    haim ð1Þeb
¼ ð1Þbðhai1 Þþbðhai2 Þþþbðhaim Þeb:
Hence we get
hg1;sg1sg2 sgrbhg2;sg2sg3 sgrb    hgr;sgrb ¼ ð1Þ
bðhai1 Þþbðhai2 Þþþbðhaim Þ:
Claim: Let a, b be fundamental roots. Then we have
C^bðu; ð1ÞbðhaÞvÞ ¼ C^bðu; vÞC^bðu; ð1ÞbðhaÞÞ:
(Proof of Claim)
In case of bðhaÞ A 2Z, there is nothing to show.
In case of bðhaÞ A 2Z þ 1, we have
C^bðu; ð1ÞbðhaÞvÞ ¼ C^bðu; ðvÞbðhaÞv1bðhaÞÞ ¼ C^bðu; ðvÞbðhaÞÞC^bðu; v1bðhaÞÞ
¼ C^bðu; ð1ÞbðhaÞÞC^bðu; vbðhaÞÞC^bðu; v1bðhaÞÞ
¼ C^bðu; vÞC^bðu; ð1ÞbðhaÞÞ: r
From the above claim, we get
C^bðu; vhg1;sg1sg2 sgrbhg2;sg2sg3 sgrb    hgr;sgrbÞ
C^bðu; hg1;sg1sg2 sgrbhg2;sg2sg3 sgrbhgr;sgrbÞ
1 ¼ C^bðu; vÞ:
Therefore we obtain the desired result. r
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Definition 3.3. For any a A D, there exist w AW and i A f1; . . . ng such that
a ¼ wðaiÞ, and for all u; v A F ½X ;X1, we deﬁne the element C^aðu; vÞ as follows:
C^aðu; vÞ :¼ wðC^aiðu; vÞÞ:
By Proposition 3.12, the above is well-deﬁned.
3.2.3. A Subgroup of StðAa¤ ;FÞ Which is Isomorphic to K2ðA;F ½X ;X1Þ
Viewing the commutative diagram in Fig 2, we have StðA;F ½X ;X1ÞI
K2ðA;F ½X ;X1ÞF hK2ðAa¤ ;F Þ;Ker Ci.
Proposition 3.13. If ha0ðt0Þha1ðt1Þ    hal ðtlÞ A Ker C for some ti A F , then
we have
h^a0ðt0Þh^a1ðt1Þ    h^al ðtlÞ1 h^a0ðt0Þh^yðt0Þ1 h^a0ðt0Þh^yðt0Þ1 mod K2ðAa¤ ;F Þ:
Proof. We remark that if a A D re, then h^aðtÞh^aðt1Þ A K2ðAa¤ ;FÞ. By
Proposition 3.9 we see h^yðtÞ1 h^yðt2Þh^yðtÞ1 h^yðt1Þ1 h^yðtÞ1mod K2ðAa¤ ;F Þ.
From the fact hyðt0Þ ¼ ha1ðt1Þ    hal ðtlÞ A GscðA;F ½X ;X1Þ (as in Proposition
3.7), it is easy to see the desired result. r
Hence we have
hK2ðAa¤ ;FÞ;Ker Ci ¼ hK2ðAa¤ ;F Þ; h^a0ðtÞh^yðtÞ j t A F i ¼ K2ðA;F ½X ;X1Þ:
In Fig 2, due to F, the correspondance f between the subgroup hK2ðAa¤ ;FÞ;
h^a0ðtÞh^yðtÞi and the subgroup K2ðA;F ½X ;X1Þ is given as follows:
f : hK2ðAa¤ ;FÞ; h^a0ðtÞh^yðtÞi! K2ðA;F ½X ;X1Þ
Ca0ðu; vÞ 7! Cyðu;X Þ1Cyðu; vXÞ
Caiðu; vÞ 7! Caiðu; vÞ ði0 0Þ
h^a0ðtÞh^1yðtÞ 7! Cyðt;X Þ1 for all u; v; t A F : ð4Þ
From Deﬁnition 3.3, we can realize C^yðu; vÞ with u; v A F  in
K^2ðA;F ½X ;X1Þ.
3.2.4. About hK2ðAa¤ ;F Þ; h^a0ðtÞh^yðtÞi
Lemma 3.8. Notation is as above. Then we have h^a0ðsÞh^yðsÞ1h^a0ðtÞh^yðtÞ1
¼ Ca0ðs; t1ÞCyðt; sÞ1h^a0ðstÞh^yðstÞ1.
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Proof. We see:
h^a0ðsÞh^yðsÞ1ha0ðtÞh^yðtÞ1 ¼ h^a0ðsÞh^a0ðtÞh^yðsÞ1h^yðtÞ1Ca0yðt; sÞ
¼ Ca0ðs; tÞCyðt; sÞ1Ca0yðt; sÞh^a0ðstÞh^yðstÞ1
¼ Ca0ðs; tÞCyðt; sÞ1Ca0ðt; s2Þh^a0ðstÞh^yðstÞ1
¼ Ca0ðs; t1ÞCyðt; sÞ1h^a0ðstÞh^yðstÞ1:
Hence we obtain the desired result. r
From Lemma 3.8, the subgroup hK2ðAa¤ ;FÞ; h^a0ðtÞh^yðtÞ j t A F i is char-
actalized by the following two conditions:
(1) The Generators and relations of K2ðAa¤ ;FÞ,
(2) h^a0ðsÞh^1yðsÞh^a0ðtÞh^1yðtÞ ¼ Ca0ðs; t1ÞCyðt; sÞ1h^a0ðstÞh^1yðstÞ for all
s; t A F .
Now we deﬁne g as follows:
g : K^2ðA;F ½X ;X1Þ ! K2ðA;F ½X ;X1Þ
C^aiðu; vÞ 7! Caiðu; vÞ ði0 0Þ:
Then g is well-deﬁned (cf. [2] [7] [10]).
By the construction of C^aðu; vÞ (see Proposition 3.10 and Deﬁnition 3.3) for
each real root a, we have
gðC^aðu; vÞÞ ¼ h^aðuÞh^aðvÞh^aðuvÞ1:
By (4), we deﬁne H as follows:
H : hK2ðAa¤ ;F Þ; ha0ðtÞhyðtÞi! K^2ðA;F ½X ;X1Þ
Ca0ðu; vÞ 7! C^yðu;X Þ1C^yðu; vXÞ
Caiðu; vÞ 7! C^aiðu; vÞ
h^a0ðtÞh^1yðtÞ 7! C^yðt;XÞ1 for all u; v; t A F :
If H is well-deﬁned, then Fig B is commutative. Hence g is bijective,
therefore we get K^2ðA;F ½X ;X1ÞFK2ðA;F ½X ;X1Þ. Thus our purpose is to
prove that H is well-deﬁned.
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3.2.5. Determine the Presentation of K2ðA;F ½X ;X1Þ
We can see that hK2ðAa¤ ;FÞ; h^a0ðtÞh^yðtÞ j t A F i is a central extension of F 
by K2ðAa¤ ;F Þ.
To prove our H is well-deﬁned, it is su‰cient that we show the following X
and Z.
X H is well-deﬁned when we restrict it to K2ðAa¤ ;F Þ: ð5Þ
Z Hðh^a0ðsÞh^yðsÞ1Hðh^a0ðtÞh^yðtÞ1
¼ HðCa0ðt; sÞCyðt; sÞ1h^a0ðstÞh^yðstÞ1 for all s; t A F : ð6Þ
About X    (5)
For Ca0ðu; vÞ and Caiðu; vÞ ði0 0Þ for all u; v A F , it is easy to show the
consitions (M1)–(M5). And if i; j0 0, Then (M6) and (M7) are preserved by H.
Now we see
Ca0aiðu; vÞ ¼ Ca0ðu; va0ðhiÞÞ ¼ Caiðuaiðha0 Þ; vÞ and
Caia0ðu; vÞ ¼ Caiðu; vaiðha0 ÞÞ ¼ Ca0ðua0ðhiÞ; vÞ:
Hence it is su‰cient that we show the following three statements [1, [2 and \.
HðCa0ðu; va0ðhiÞÞÞ ¼ HðCaiðuaiðha0 Þ; vÞÞ:    [1 ð7Þ
HðCaiðu; vaiðha0 ÞÞÞ ¼ HðCa0ðua0ðhiÞ; vÞÞ:    [2 ð8Þ
Caia0ðu; vÞ is bimultiplicative in u; v for all u; v A F :    \ ð9Þ
Now we note a0ðhiÞ ¼ yðhiÞ and aiðha0Þ ¼ aiðhyÞ.
About [1    ð7Þ and [2    ð8Þ
We only prove [1    ð7Þ because the proof of [2    ð8Þ is similar. If i ¼ 0,
there is nothing to show, so we suppose that i0 0. Now it is su‰cient to prove
the following formula:
C^yðu;XÞ1C^yðu; vyðhiÞXÞ ¼ C^aiðuaiðhyÞ; vÞ for all u; v A F ; i0 0:
hK2ðAa¤ ;F Þ; h^a0ðtÞh^yðtÞi ! cK2ðA;F ½X ;X1Þx???
K2ðA;F ½X ;X1Þ  

Figure B
376 Masaya Tomie
To prove this formula we use the so-called Extended Dynkin Diagrams in
Fig C.
By Proposition 3.12 and by the proof of Proposition 3.11, we let ak A P be
some long root. We have the following.
C^yðu;X Þ1C^yðu; vyðhiÞX Þ ¼ C^ak ðu;XhÞ1C^ak ðu; vyðhiÞXhÞ for h A fG1g:
Therefore it is su‰cient that we prove the following formula.
C^ak ðu;XhÞ1C^ak ðu; vyðhiÞXhÞ
¼ C^aiðuaiðhyÞ; vÞ for all u; v A F ; i0 0 and h ¼G1: ð10Þ
In the case of ðai; yÞ ¼ 0, our result is trivial, Hence we consider the case of
ðai; yÞ0 0.
Lemma 3.9. If aiðhjÞ ¼ ajðhiÞ ¼ 1 for some ai; aj A P (or Pa¤ ), then
C^aiðu; vÞ ¼ C^aj ðu; vÞ for all u; v A F  and it is bimultiplicative in u, v. Furthermore
for any a AWðaiÞ, we have C^aðu; vÞ ¼ C^aiðu; vÞ, and it is bimultiplicative in u, v.
Proof. The ﬁrst statement is trivial by the fact C^aiaj ðu; vÞ ¼ C^aiðu; v1Þ ¼
C^aj ðu1; vÞ. Also obviously we have that it is bimultiplicative in u, v.
Now if C^bðu; vÞ is bimultiplicative in u, v, then
C^sabðu; vÞ ¼ C^bðu; vhÞC^bðu; hÞ1 ¼ C^bðu; vÞ:
Hence we have that C^sabðu; vÞ is also bimultiplicative. The statement of the
second part is also true. Hence we obtain the desired result. r
We prove (10) case by case.
(1) The case of A
ð1Þ
nb2, D
ð1Þ
n , E
ð1Þ
6;7;8.
If ðai; yÞ0 0 then the left hand of (10) can be written as follows:
C^ak ðu;XhÞ1C^ak ðu; vyðhiÞXhÞ ¼ C^ak ðu;XhÞ1C^ak ðu; v1XhÞ
¼ C^ak ðu; v1Þ for all u; v A F  ðby Lemma 3:9Þ:
And the right hand is C^aiðuaiðhyÞ; vÞ ¼ C^aiðu1; vÞ for all u; v A F .
Hence by Lemma 3.9, in the case of A
ð1Þ
nb2, D
ð1Þ
n , E
ð1Þ
6;7;8, the statement [1
holds.
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Figure C Extended Dynkin Diagram
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(2) The case of B
ð1Þ
n .
By Extended Dynkin diagrams in Fig. C we should only consider the case of
i ¼ 2. Then we have yðha2Þ ¼ 1 and a2ðhyÞ ¼ 1.
Now we suppose ak is a long root. Then by the Extended Dynkin Diagram
of B
ð1Þ
n and by the left hand side of (10), we have the following:
C^ak ðu;XhÞ1C^ak ðu; v1XhÞ ¼ C^ak ðu; v1Þ:
Then the right hand side is C^a2ðua2ðhyÞ; vÞ ¼ C^a2ðu1; vÞ for all u; v A F .
Because of a2 being a long root, a2 and ak are transitive by some element of
the Weyl group. Hence in the case of B
ð1Þ
n , the statement [1ð   ð7ÞÞ holds.
(3) The case of C
ð1Þ
n .
We should only consider the case of i ¼ 1. Then yðh1Þ ¼ 2 and
a1ðhyÞ ¼ 1.
Let ak be a fundamental long root. Then we have ak ¼ an. Then the left hand
side of (10) can be computed as follows:
C^ak ðu;XhÞ1C^ak ðu; v2XhÞ ¼ C^anðu;XhÞ1C^anðu; v2XhÞ
¼ C^anðu; v2Þ for all u; v A F  and h A fG1g:
Hence it is su‰cient that we show C^a1ðua1ðhyÞ; vÞ ¼ C^a1ðu1; vÞ ¼ C^anðu; v2Þ.
We note C^anan1ðu; vÞ ¼ C^anðu; v2Þ ¼ C^an1ðu1; vÞ.
Also we see that a1 and an1 are transitive by some element of the Weyl
group. Therefore we have
C^a1ðu1; vÞ ¼ C^anðu; v2Þ for all u; v A F ; h A fG1g:
Hence in the case of C
ð1Þ
n , the statement [1ð   ð7ÞÞ holds.
(4) The case of F
ð1Þ
4 .
We should only consider the case of i ¼ 1. Then we have yðh1Þ ¼ 1 and
a1ðhyÞ ¼ 1. Let ak A P be a long root. Then by the Extended Dynkin Diagram
of F
ð1Þ
4 and Lemma 3.9 , the left hand side of (10) can be calculated as follows:
C^ak ðu;XhÞ1C^ak ðu; v1XhÞ ¼ C^ak ðu; v1Þ ¼ C^a1ðu; v1Þ:
Also we see that the right hand side becomes C^a1ðua1ðhyÞ; vÞ ¼ C^a1ðu1; vÞ ¼
C^a1ðu; v1Þ ¼ C^ak ðu; v1Þ for all u; v A F . Hence in the case of the F ð1Þ4 , the
statement [1 holds.
(5) The case of G
ð1Þ
2 .
We should only consider the case of i ¼ 1. Then yðh1Þ ¼ 1 and
a1ðhyÞ ¼ 1.
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Lemma 3.10. In the case of the G
ð1Þ
2 (see Fig C), a1 is a fundamental long
root, and C^a1ðu; vÞ is bimultiplicative in u, v for all u; v A F .
Proof. We note C^a1a2ðu; vÞ ¼ C^a1ðu; v3Þ . Then we obtain
C^a1ðu; vÞ ¼ C^a1a2ðu; vÞC^a1ðu; v2Þ1:
Also we see C^a1a2ðu; vÞ and C^a1ðu; v2Þ1 are bimultiplicative in u, v.
Therefore C^a1ðu; vÞ is bimultiplicative in u, v. Hence we obtain the desired
result. r
Now a1 is the only element which is long and belongs to the set of fun-
damental roots. Therefore it is su‰cient that we show the following:
C^a1ðu;XhÞ1C^a1ðu; v1XhÞ ¼ C^a1ðu; v1Þ for all u; v A F  and h A fG1g;
which is trivial by the Lemma 3.10.
Hence we obtain that the statement [1ð   ð7ÞÞ is true.
About \ð   ð9ÞÞ.
To prove \, it is su‰cient that C^aiðuaiðhyÞ; vÞ is bimultiplicative in u, v for
any i.
In the case of ðai; yÞ ¼ 0, it is trivial. Therefore we consider the case of
ðai; yÞ0 0. More explicitely, we have the following:
A1n type       C^a1ðu1; vÞC^anðu1; vÞ;
B1n type       C^a2ðu1; vÞ;
C1n type       C^a1ðu1; vÞ;
D1n type       C^a2ðu1; vÞ;
E16 type       C^a3ðu1; vÞ;
E17 type       C^a1ðu1; vÞ;
E18 type       C^a8ðu1; vÞ;
F 14 type       C^a1ðu1; vÞ for all u; v A F :
Using Extended Dynkin diagrams, these can be written as C^aiaj ðuG1; vÞ for
some ai; aj A P.
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Therefore we obtain that both statements [1ð   ð7ÞÞ and \ð   ð9ÞÞ are true.
Hence the statement Xð   ð5ÞÞ is true.
About Z.
We prove Hðh^a0ðsÞh^yðsÞ1Hðh^a0ðtÞh^yðtÞ1 ¼ Hðh^a0ðstÞh^yðstÞ1Ca0ðt; sÞ 
Cyðt; sÞ1 for all s; t A F . We have the following:
The left hand side ¼ C^yðs;X Þ1C^yðt;X Þ1 for all s; t A F :
The right hand side ¼ C^yðst;XÞ1C^yðt;X Þ1C^yðt; sXÞC^yðt; sÞ1
¼ C^yðt; sXÞ1C^yðs;XÞ1C^yðt;XÞ1C^yðt; sX Þ
¼ C^yðt;XÞ1C^yðs;X Þ1 for all s; t A F :
Hence we get the statement Z. Therefore we obtain the following theorem.
Theorem 3.2. Notation is as above. Then we have K^2ðA;F ½X ;X1ÞF
K2ðA;F ½X ;X1Þ.
4. Applications
4.1. Motivations
First we note that the following theorem about K2ðA;F ½X ;X1Þ is known.
Theorem 4.1 [3] [8]. If A0Cn ð1a nÞ, then K2ðA;F ½X ;X1ÞFK2ðFÞl
F . If A ¼ Cn ð1a nÞ, then K2ðCn;F ½X ;X1ÞFK2SpðFÞlPðF Þ with the exact
sequence:
1! I 2ðFÞ ! PðFÞ ! F  ! 1;
where IðF Þ is the fundamental ideal of the Witt-ring WðFÞ.
In the previous chapter we found the generators and the relations of
K2ðA;F ½X ;X1Þ. In this chapter we will see how to split the elements in
K2ðA;F ½X ;X1Þ into the elemtnts in K2ðF ÞlF  or the elements K2SpðFÞl
PðF Þ. Using this, we will give the generators and the relations of PðFÞ and I 2ðFÞ.
4.2. Case of A ¼ Cn ð1a nÞ
Lemma 4.1. Notation is as above. Then we have K2ðCn;F ½X ;X1ÞF
K2ðA1;F ½X ;X1Þ.
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Proof. Note that K2ðCn;F ½X ;X1Þ ¼ hCaiðuX m; vX nÞ j i ¼ 1; . . . n m; n A Z
u; v A F i.
Considering the action of the Weyl group, we have
K2ðCn;F ½X ;X1Þ ¼ hCa1ðuX m; vX nÞ jm; n A Z u; v A F iFK2ðA1;F ½X ;X1Þ:
r
By Lemma 4.1, we can consider K2ðA1;F ½X ;X1Þ instead of
K2ðCn;F ½X ;X1Þ.
Now we will split the generators Ca1ðuX m; vX nÞ for all u; v A F  and m; n A Z
of K2ðA1;F ½X ;X1Þ.
Since
Ca1ðu;X mÞCa1ðuX m; vX nÞ ¼ Ca1ðu; vX mþnÞCa1ðXm; vX nÞ
and
Ca1ðu; vÞCa1ðuv;X mþnÞ ¼ Ca1ðu; vX mþnÞCa1ðv;XmþnÞ;
we have
Ca1ðuX m; vX nÞ
¼ Ca1ðu;X mÞ1Ca1ðu; vX mþnÞCa1ðX m; vX nÞ
¼ Ca1ðu; vÞCa1ðuv;X mþnÞCa1ðv;X mþnÞ1Ca1ðu;X mÞ1Ca1ðXm; vX nÞ
¼ Ca1ðu; vÞCa1ðumþnvmþn;X ÞCa1ðvmþn;XÞ1Ca1ðum;XÞ1Ca1ðX ; vmX mnÞ
¼ Ca1ðu; vÞCa1ðumþnvmþn;X ÞCa1ðvmþn;XÞ1Ca1ðum;XÞ1Ca1ðð1Þmnvm;XÞ
for all u; v;w A F  and m; n A Z:      X ð11Þ
Now we simplify the equation (11) case by case.
(1) The case of ðm; nÞ1 ð0; 0Þ mod 2.
We have
Xð   ð11ÞÞ
¼ Ca1ðu; vÞCa1ðumþnvmþn;XÞCa1ðvmþn;XÞ1Ca1ðum;XÞ1Ca1ðvm;XÞ
¼ Ca1ðu; vÞCa1ðunvm;X Þ for all u; v A F :
(2) The case of ðm; nÞ1 ð1; 0Þ mod 2.
We have
382 Masaya Tomie
Xð   ð11ÞÞ
¼ Ca1ðu; vÞCa1ðumþnvmþn;XÞCa1ðvmþn;X Þ1Ca1ðum;X Þ1Ca1ðvm;X Þ
¼ Ca1ðu; vÞCa1ðumþn1vmþn1;XÞCa1ðuv;XÞCa1ðvmþn1;XÞ1
 Ca1ðv;XÞ1Ca1ðum1;XÞ1Ca1ðu;XÞ1Ca1ðvm;XÞ
ðnote that mþ n 1;m 1 A 2ZÞ
¼ Ca1ðu; vÞCa1ðun;XÞCa1ðvm;XÞCa1ðuv;XÞCa1ðu;XÞ1Ca1ðv;XÞ1
¼ Ca1ðu; vÞCa1ðunvm;XÞCa1ðuv;XÞCa1ðu;XÞ1Ca1ðv;XÞ1 for all u; v A F :
(3) The case of ðm; nÞ1 ð0; 1Þ mod 2.
We have
Xð   ð11ÞÞ
¼ Ca1ðu; vÞCa1ðumþnvmþn;XÞCa1ðvmþn;X Þ1Ca1ðum;X Þ1Ca1ðvm;X Þ
¼ Ca1ðu; vÞCa1ðumþn1vmþn1;XÞCa1ðuv;XÞCa1ðvmþn1;XÞ1
 Ca1ðv;XÞ1Ca1ðum;XÞ1Ca1ðvm;XÞ
¼ Ca1ðu; vÞCa1ðumþn1;XÞCa1ðum;XÞ1Ca1ðvm;XÞCa1ðuv;X ÞCa1ðv;X Þ1
¼ Ca1ðu; vÞCa1ðun1;XÞCa1ðvm;X ÞCa1ðuv;X ÞCa1ðv;X Þ1
¼ Ca1ðu; vÞCa1ðun;XÞCa1ðu;XÞ1Ca1ðvm;XÞCa1ðuv;XÞCa1ðv;XÞ1
¼ Ca1ðu; vÞCa1ðunvm;XÞCa1ðuv;XÞCa1ðu;XÞ1Ca1ðv;XÞ1 for all u; v A F :
(4) The case of ðm; nÞ1 ð1; 1Þ mod 2.
We have
Xð   ð11ÞÞ
¼ Ca1ðu; vÞCa1ðumþnvmþn;XÞCa1ðvmþn;X Þ1Ca1ðum;XÞ1Ca1ðvm;XÞ
¼ Ca1ðu; vÞCa1ðumþn;X ÞCa1ðum;X Þ1Ca1ðvm;XÞ
ðnote that Ca1ðumþn;X ÞCa1ðum;XÞ1
¼ Ca1ðumþn1;XÞCa1ðu1;XÞ1Ca1ðum;XÞ1
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¼ Ca1ðun1;X ÞCa1ðu1;XÞ1Þ
¼ Ca1ðu; vÞCa1ðun1;XÞCa1ðvm;X ÞCa1ðu1;XÞ1
¼ Ca1ðu; vÞCa1ðun1vm;X ÞCa1ðu1;XÞ1
¼ Ca1ðu; vÞCa1ðun1vm1;X ÞCa1ðv;XÞCa1ðu1;X Þ1
¼ Ca1ðu; vÞCa1ðunvm;XÞCa1ðuv;X Þ1
 Ca1ðv;XÞCa1ðu1;XÞ1 for all u; v A F :
Lemma 4.2. Notation is as above. Then we have Ca1ðuv;XÞ1Ca1ðv;XÞ 
Ca1ðu1;X Þ1 ¼ Ca1ðuv;XÞCa1ðv;XÞ1Ca1ðu;XÞ1 for all u; v A F .
Proof. Since
Ca1ðv;XÞ ¼ Ca1ðv1;XÞ1Ca1ð1;XÞACa1ðu1;X Þ1 ¼ Ca1ðu;XÞ1Ca1ðu2;XÞ;
we have
Ca1ðuv;XÞ1Ca1ðv;XÞCa1ðu1;XÞ1
¼ Ca1ðuv;X Þ1Ca1ðv1;XÞ1Ca1ð1;XÞCa1ðu;XÞ1Ca1ðu2;X Þ
¼ Ca1ðuv;X Þ1Ca1ðv;X Þ1Ca1ðv2;XÞCa1ð1;XÞCa1ðu;X Þ1Ca1ðu2;XÞ
¼ Ca1ðuv;X Þ1Ca1ðu2v2;XÞCa1ð1;X ÞCa1ðu;X Þ1Ca1ðv;XÞ1
¼ Ca1ðu1v1;X ÞCa1ð1;XÞ1Ca1ðu2v2;XÞCa1ð1;X ÞCa1ðu;XÞ1Ca1ðv;X Þ1
¼ Ca1ðuv;X ÞCa1ðu;X Þ1Ca1ðv;XÞ1:
Hence we obtain the desired result. r
Using Lemma 4.2, we have (11)¼ Ca1ðu; vÞCa1ðunvm;X Þ for all u; v A F , in
the case of ðm; nÞ1 ð1; 1Þ mod 2.
Hence we obtain the following proposition.
Proposition 4.1. In the case of ðm; nÞ1 ð0; 1Þ; ð1; 0Þ; ð1; 1Þ mod 2, we have
Ca1ðuX m; vX nÞ
¼ Ca1ðu; vÞCa1ðð1Þmnunvm;XÞCa1ðuv;XÞCa1ðv;XÞ1Ca1ðu;XÞ1
for all u; v A F :
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In the case of ðm; nÞ1 ð0; 0Þ mod 2, we have
Ca1ðuX m; vX nÞ ¼ Ca1ðu; vÞCa1ðunvm;XÞ for all u; v A F :
Now we put S :¼ hCa1ðu; vÞ j u; v A F i and M :¼ hCa1ðu;XÞ j u A F i. We
deﬁne two group homomorphisms CS : K2ðA1;F ½X ;X1Þ ! S by CSðCa1ðuX m;
vX nÞÞ ¼ Ca1ðu; vÞ and CM : K2ðA1;F ½X ;X1Þ !M by CMðCa1ðuX m; vX nÞÞ ¼
Ca1ðð1Þmnunvm;XÞCa1ðuv;XÞCa1ðv;XÞ1Ca1ðu;X Þ1 in the case of ðm; nÞ1
ð0; 1Þ; ð1; 0Þ; ð1; 1Þ mod 2 and by CMðCa1ðuX m; vX nÞÞ ¼ Ca1ðunvm;XÞ in the case
of ðm; nÞ1 ð0; 0Þ mod 2.
Note that the group homomorphisms CS and CM above are well-deﬁned.
Proposition 4.2. Notation is as above. Let CSlCM : K2ðA1;F ½X ;X1Þ !
SlM be a group homomorphism with CSlCMðCa1ðuX m; vX nÞÞ ¼
ðCSðCa1ðuX m; vX nÞÞ;CMðCa1ðuX m; vX nÞÞÞ for all u; v A F  and m; n A Z. Then
CSlCM is an isomorphism.
Proof. Using Proposition 4.1, this is easily shown. r
Next we consider the group presentation of S and M .
About S
There is a natural one to one correspondance between S and K2ðA1;FÞ,
hence we have SFK2ðA1;F Þ.
About M
We put CðuÞ :¼ Ca1ðu;XÞ for all u A F  (these are the generators of M).
We put hu; vi :¼ Ca1ðuv;X ÞCa1ðv;X Þ1Ca1ðu;XÞ1 for all u; v A F .
Lemma 4.3. Notation is as above. Then for all u; v A F , hu; vi satisﬁes the
relation (M1)–(M5).
Proof. First we prove that hu; vi satisﬁes (M1).
(M1): We have
hu; vihuv;wi
¼ Ca1ðuv;XÞCa1ðv;X Þ1Ca1ðu;XÞ1Ca1ðuvw;X ÞCa1ðw;XÞ1Ca1ðuv;XÞ1
¼ Ca1ðuvw;XÞCa1ðvw;X Þ1Ca1ðu;XÞ1Ca1ðvw;X Þ1Ca1ðw;XÞ1Ca1ðv;XÞ1
¼ hu; vwihv;wi for all u; v;w A F :
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Hence for all u; v A F , hu; vi satisﬁes (M1).
In the case of (M2), there is nothing to prove.
We will show that hu; vi satisﬁes (M3)–(M5) are as follows.
(M3): We have
hu; vi ¼ hv1; ui
, Ca1ðuv;XÞCa1ðv;XÞ1Ca1ðu;X Þ1 ¼ Ca1ðv1u;X ÞCa1ðu;X Þ1Ca1ðv1;XÞ1
, Ca1ðuv;XÞCa1ðv;XÞ1 ¼ Ca1ðv1u;XÞCa1ðv1;X Þ1
, Ca1ðuv;XÞCa1ðv1u;X Þ1 ¼ Ca1ðv1;X Þ1Ca1ðv;XÞ
, Ca1ðv2;X Þ ¼ Ca1ðv2;XÞ for all u; v A F :
Hence for all u; v A F , hu; vi satisﬁes (M3).
(M4): We have
hu; vi ¼ hu;uvi
, Ca1ðuv;XÞCa1ðv;XÞ1Ca1ðu;XÞ1
¼ Ca1ðu2v;X ÞCa1ðuv;XÞ1Ca1ðu;X Þ1
, Ca1ðuv;XÞCa1ðv;XÞ1 ¼ Ca1ðu2v;XÞCa1ðuv;XÞ1
, Ca1ðuv;XÞCa1ðuv;X Þ ¼ Ca1ðu2v;X ÞCa1ðv;X Þ
, Ca1ðu2v2;XÞCa1ðu1v1;XÞCa1ðuv;X Þ
¼ Ca1ðu2v2;XÞCa1ðv1;XÞCa1ðv;XÞ
, Ca1ðu2v2;XÞCa1ð1;XÞ ¼ Ca1ðu2v2;X ÞCa1ð1;XÞ for all u; v A F :
Hence for all u; v A F , hu; vi satisﬁes (M4).
(M5): We have
hu; vi ¼ hu; ð1 uÞvi ðð1 uÞ A F Þ
, Ca1ðuv;X ÞCa1ðv;X Þ1Ca1ðu;X Þ1
¼ Ca1ðuð1 uÞv;XÞCa1ðð1 uÞv;XÞ1Ca1ðu;X Þ1
, Ca1ðuv;X ÞCa1ðv;X Þ1 ¼ Ca1ðuð1 uÞv;X ÞCa1ðð1 uÞv;XÞ1
ðsince Ca1ðu; ð1 uÞvÞCa1ðuð1 uÞv;XÞ
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¼ Ca1ðu; ð1 uÞvX ÞCa1ðð1 uÞv;XÞÞ
, Ca1ðuv;X ÞCa1ðv;XÞ1 ¼ Ca1ðu; ð1 uÞvÞ1Ca1ðu; ð1 uÞvXÞ
ðsince Ca1ðu; ð1 uÞvÞ1Ca1ðu; ð1 uÞvX Þ ¼ Ca1ðu; vÞ1Ca1ðu; vX ÞÞ
, Ca1ðu; vÞ1Ca1ðuv;XÞ1 ¼ Ca1ðu; vXÞ1Ca1ðv;XÞ1:
Hence for all u; v A F , hu; vi satisﬁes (M5).
Therefore we obtain the desired result. r
Now we see that M is generated by CðuÞ for all u A F . To obtain the
relations among the generators CðuÞ for all u A F  in M, using Proposition 4.1
and 4.2, we rewrite the relations (M1)–(M5) in K2ðA1;F ½X ;X1Þ to relations in
M. To rewrite the relations (M1)–(M5) in K2ðA1;F ½X ;X1Þ to relations in M,
if ðm; nÞ1 ð0; 1Þ; ð1; 0Þ; ð1; 1Þ mod 2, we change the element Ca1ðuX m; vX nÞ to
Cðð1ÞmnunvmÞhu; vi and if ðm; nÞ1 ð0; 0Þ mod 2, we change the element
Ca1ðuX m; vX nÞ to CðunvmÞ (see Proposition 4.1). Thus we obtain all relations
among the generators CðuÞ for all u A F  in M . The following lemma is trivial
but useful.
Lemma 4.4. Notation is as above. Then for all u; v A F , we have Cðu2vÞ ¼
Cðu2ÞCðvÞ. This implies hu; v2i ¼ e.
Proof. In K2ðA1;F ½X ;X1Þ, it is easy to see Ca1ðu2v;X Þ ¼ Ca1ðu2;XÞ 
Ca1ðv;XÞ.
Then we apply CM to obtain Cðu2vÞ ¼ Cðu2ÞCðvÞ. r
First we rewrite the relation (M1) in K2ðA1;F ½X ;X1Þ to relations in M.
(M1):
Ca1ðuX l ; vX mÞCa1ðuvX lþm;wX nÞ
¼ Ca1ðuX l ; vwX mþnÞCa1ðvX m;wX nÞ for all u; v;w A F  and m; n A Z:
(1) The case of ðl;m; nÞ1 ð0; 0; 0Þ mod 2
We have
CðumvlÞCðunvnwlmÞ ¼ CðumþnvlwlÞCðvnwmÞ for all u; v;w A F :
It is derived from Lemma 4.4.
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(2) The case of ðl;m; nÞ1 ð0; 0; 1Þ mod 2
We have
CðumvlÞCðunvnwlmÞhuv;wi
¼ CðumþnvlwlÞCðvnwmÞhu; vwihv;wi
, CðumÞCðvlÞCðunvnÞCðwmÞCðwlÞhuv;wi
¼ CðumÞCðunÞCðvlÞCðwlÞCðvnÞCðwmÞhv;wihu; vwi
, CðunvnÞCðunÞ1CðvnÞ1huv;wi ¼ hv;wihu; vwi
ðusing Lemma 4:4Þ
, Cðun1vn1ÞCðuvÞCðun1Þ1CðuÞ1Cðvn1Þ1CðvÞ1huv;wi ¼ hv;wihu; vwi
, hu; vihuv;wi ¼ hu; vwihv;wi for all u; v;w A F :
It is derived from Lemma 4.3
(3) The case of ðl;m; nÞ1 ð0; 1; 0Þ mod 2
We have
CðumvlÞhu; viCðunvnwmlÞhuv;wi
¼ CðumþnvlwlÞhu; vwiCðvnwmÞhv;wi
, CðumÞCðvlÞCðunÞCðvnÞCðwmÞCðwlÞhu; vihuv;wi
¼ CðumÞCðunÞCðvlÞCðwlÞCðwmÞCðvnÞhv;wihu; vwi for all u; v;w A F :
It is derived from Lemma 4.4 and Lemma 4.3.
(4) The case of ðl;m; nÞ1 ð0; 1; 1Þ mod 2
We have
CðumvlÞhu; viCðunvnwmlÞhuv;wi
¼ CðumþnvlwlÞCðvnwmÞhv;wi
, CðumÞCðvlÞCðunvnwmlÞhu; vihuv;wi
¼ CðumþnÞCðvlÞCðwlÞCðvnwmÞhv;wi
, CðumÞCðunvnwmÞhu; vihuv;wi ¼ CðumþnÞCðvnwmÞhv;wi
, CðumÞCðun1vn1wm1ÞCðuvwÞhu; vihuv;wi
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¼ CðumþnÞCðvn1wm1ÞCðvwÞhv;wi
, CðumÞCðun1ÞCðuvwÞhu; vihuv;wi ¼ CðumþnÞCðvwÞhv;wi
, Cðumþn1ÞCðuvwÞhu; vihuv;wi ¼ CðumþnÞCðvwÞhv;wi
, CðumþnÞCðu1ÞCðuvwÞhu; vihuv;wi ¼ CðumþnÞCðvwÞhv;wi
, Cðu1ÞCðuvwÞhu; vihuv;wi ¼ CðvwÞhv;wi
, Cðu1ÞCðuvwÞ ¼ CðvwÞCðuvwÞ1CðuÞCðvwÞ
, CðuvwÞCðuvwÞ ¼ CðvwÞCðvwÞCðu1Þ1CðuÞ
ðnote that Cðu1Þ1CðuÞ ¼ Cðu2ÞÞ
, CðuvwÞCðuvwÞ ¼ CðvwÞCðvwÞCðu2Þ for all u; v;w A F :
Hence we have CðuvwÞCðuvwÞ ¼ CðvwÞCðvwÞCðu2Þ for all u; v;w A F .
(5) The case of ðl;m; nÞ1 ð1; 0; 0Þmod 2
We have
CðumvlÞhu; viCðunvnwmlÞhuv;wi
¼ CðumþnvlwlÞhu; vwiCðvnwmÞ
, CðumÞCðvlÞCðunÞCðvnÞCðwmÞCðwlÞhu; vihuv;wi
¼ CðumÞCðunÞCðvlwlÞCðvnÞCðwmÞhu; vwi
, CðvlÞCðwlÞhu; vihuv;wi ¼ CðvlwlÞhu; vwi
, Cðvl1ÞCðwl1ÞCðvÞCðwÞhu; vihuv;wi
¼ Cðvl1wl1ÞCðvwÞhu; vwi for all u; v;w A F :
It is derived from Lemma 4.3.
(6) The case of ðl;m; nÞ1 ð1; 0; 1Þ mod 2
We have
CðumvlÞhu; viCðunvnwmlÞhuv;wi
¼ CðumþnvlwlÞhu; vwiCðvnwmÞhv;wi
, CðumÞCðvlÞCðun1vn1wml1ÞCðuvwÞ
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¼ Cðumþn1vl1wl1ÞCðuvwÞCðvnÞCðwmÞ
, CðumÞCðvlÞCðuvwÞ ¼ CðumvlnwmÞCðuvwÞCðvnÞCðwmÞ
, CðumÞCðvlÞ ¼ CðumÞCðvlnÞCðwmÞCðwmÞCðvnÞ for all u; v;w A F :
It is derived from Lemma 4.3 and Lemma 4.4.
(7) The case of ðl;m; nÞ1 ð1; 1; 0Þ mod 2
We have
CðumvlÞhu; viCðunvnwmlÞ
¼ CðumþnvlwlÞhv;wihu; vwiCðvnwmÞ
, Cðum1vl1ÞCðuvÞCðunÞCðvnÞCðwmlÞhu; vi
¼ Cðumþn1vl1wl1ÞCðuvwÞCðvnÞCðwmÞhv;wihu; vwi
, CðuvÞCðunÞCðvnÞCðwmlÞhu; vi
¼ Cðunvl1ÞCðuvwÞCðvnÞCðwmÞhv;wihu; vwi
, CðuvÞCðwmlÞhu; vi ¼ Cðwl1ÞCðuvwÞCðwmÞhv;wihu; vwi
, CðuvwÞ1CðuvÞCðwÞCðuvÞCðwmlÞ ¼ Cðwl1ÞCðuvwÞCðwmÞ
, CðuvwÞCðuvwÞ ¼ CðuvÞCðwÞCðuvÞCðwmlÞCðwl1ÞCðwmÞ
, CðuvwÞCðuvwÞ ¼ CðuvÞCðuvÞCðwÞCðw1Þ1
ðusing Cðw1Þ1CðwÞ ¼ Cðw2Þ
, CðuvwÞCðuvwÞ ¼ CðuvÞCðuvÞCðw2Þ for all u; v;w A F :
It is derived from Lemma 4.3, Lemma 4.4 and the equation which we obtain
in (4).
(8) The case of ðl;m; nÞ1 ð1; 1; 1Þ mod 2
We have
CðumvlÞhu; viCðunvnwmlÞhuv;wi
¼ CðumþnvlwlÞhv;wihu; vwiCðvnwmÞ
, Cðum1vl1ÞCðuvÞCðunvnÞCðwmlÞ
¼ CðumþnÞCðvlwlÞCðvn1wm1ÞCðvwÞ
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, Cðumþn1vlþn1wmlÞCðuvÞ ¼ Cðumþnvlþn1wml1ÞCðvwÞ
, CðumþnvlþnwmlÞCðu1v1ÞCðuvÞ
¼ CðumþnvlþnwmlÞCðv1w1ÞCðvwÞ for all u; v;w A F :
Using the fact that CðuÞCðu1Þ ¼ Cð1Þ for all u A F , it is derived from
Lemma 4.3 and Lemma 4.4.
It is easy to see the relation (M2) is equivalent to Cð1Þ ¼ e.
Next we rewrite the relations (M3)–(M5) in K2ðA1;F ½X ;X1Þ to relations
in M.
(M3):
Ca1ðuX m; vX nÞ ¼ Ca1ðv1X n; uX mÞ for all u; v A F  and m; n A Z:
(1) The case of ðm; nÞ1 ð0; 0Þ mod 2
We have
CðunvmÞ ¼ CðvmunÞ for all u; v A F :
Nothing appears.
(2) The case of ðm; nÞ1 ð1; 0Þð1; 1Þð0; 1Þ mod 2
We have
Cðð1ÞmnunvmÞhu; vi ¼ Cðð1ÞmnunvmÞhv1; ui for all u; v A F :
It is derived from Lemma 4.3.
(M4):
Ca1ðuX m; vX nÞ ¼ Ca1ðuX m;uvX mþnÞ for all u; v A F  and m; n A Z:
(1) The case of ðm; nÞ1 ð0; 0Þ mod 2
We have
CðunvmÞ ¼ CðumþnumvmÞ ¼ CðunvmÞ for all u; v A F :
Nothing appears.
(2) The case of ðm; nÞ1 ð1; 0Þð1; 1Þð0; 1Þ mod 2
We have
Cðð1ÞmnunvmÞhu; vi
¼ Cðð1ÞmðmþnÞumþnð1ÞmvmumÞhu;uvi for all u; v A F :
It is derived from Lemma 4.3.
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(M5):
Ca1ðu; vX nÞ ¼ Ca1ðu; ð1 uÞvX nÞ for all u; v A F ; 1 u A F  and n A Z:
(1) The case of n1 0 mod 2
We have
CðunÞ ¼ CðunÞ
Nothing appears.
(2) The case of n1 1 mod 2
We have
CðunÞhu; vi ¼ CðunÞhu; ð1 uÞvi:
It is derived from Lemma 4.3.
From the above argument we conclude that M is generated by the symbols
CðuÞ for all u A F  and charactarized by the following relation:
(1) Cðu2vÞ ¼ Cðu2ÞCðvÞ Cð1Þ ¼ e for all u; v A F .
(2) CðuvwÞCðuvwÞ ¼ Cðu2ÞCðvwÞCðvwÞ for all u; v A F .
(3) We put hu; vi :¼ CðuvÞCðuÞ1CðvÞ1 for all u; v A F . Then hu; vi for all
u; v A F  satisﬁes the relation (M1)–(M5) and hu; v2i ¼ e.
Lemma 4.5. Notation is as above. Then (2) follows from (1) and (3).
Proof. It is su‰cient to conﬁrm the following:
CðyxÞCðyxÞ ¼ Cðy2ÞCðxÞCðxÞ for all x; y A F :
Indeed e ¼ dðx; 1Þ ¼ dðx;x1Þ ¼ Cð1ÞCðxÞ1Cðx1Þ1, hence we have
CðxÞCðx1Þ ¼ Cð1Þ;
CðxÞCðx1Þ ¼ Cð1Þ; and CðyxÞ ¼ Cðy1x1Þ1Cð1Þ:
Then we have
CðyxÞCðyxÞ ¼ CðyxÞCð1ÞCðy1x1Þ1 ¼ Cðy2x2ÞCð1Þ ¼ Cðy2ÞCðx2ÞCð1Þ
¼ Cðy2ÞCðx1Þ1CðxÞCð1Þ ¼ Cðy2ÞCðxÞCðxÞ:
Hence we have the desired result. r
Now we put D :¼ hhu; vi j u; v A F iHM , then by [3] [8], we have M ¼
PðF Þ and D ¼ I 2ðFÞ.
Proposition 4.3. Notation is as above. Then M is generated by the symbols
CðuÞ for all u A F  and charactarized by the following relation:
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(1) Cðu2vÞ ¼ Cðu2ÞCðvÞ and Cð1Þ ¼ e for all u; v A F .
(2) We put hu; vi :¼ CðuvÞCðuÞ1CðvÞ1 for all u; v A F . Then hu; vi for all
u; v A F  satisﬁes the relation (M1)–(M5) and hu; v2i ¼ e.
Proposition 4.4. D is generated by the symbols hu; vi and charactarized by
the relations (M1)–(M5) and hu; v2i ¼ e for all u; v A F .
Now we obtain the group presentations of M ¼ PðF Þ and D ¼ I 2ðF Þ.
4.3. Case of A0Cn
Lemma 4.6. Suppose A0Cn Let aj A P be a long root. Then we have
K2ðA;F ½X ;X1Þ ¼ hCaj ðuX p; vX qÞ j u; v A F ; p; q A Zi:
Furthermore for all u; v;w A F  and p; q; r A Z, we have Caj ðuX p; vX qÞ 
Caj ðuX p;wX rÞ ¼ Caj ðuX p; vwX qþrÞ and Caj ðuX p; vX qÞCaj ðwX r; vX qÞ ¼
Caj ðuwX pþr; vX qÞ.
Proof. We choose ak; al A P with akðhlÞ ¼ 1, alðhkÞ ¼ 1. Then we have
Cak ðu; vÞ ¼ Cak ðu1; v1ÞCak ðu1; vakðhlÞÞ ¼ Cakal ðu1; vÞ ¼ Cal ðual ðhkÞ; vÞ ¼ Cal ðu; vÞ:
From this and seeing Dynkin-diagrams in Fig D, for some short root ap A P and
long root aq A P, we have
K2ðA;F ½X ;X1Þ ¼ hCa pðum; vnÞ;CaqðuX m; vX nÞ j u; v A F ;m; n A Zi:
From the fact that every Dynkin-diagrams in Fig D is connected, we have
K2ðA;F ½X ;X1Þ ¼ hCaj ðuX m; vX nÞ j u; v A F ;m; n A Zi:
The remaining result is easily obtained from the bimultiplicativity of Cj as is
well-known.
Hence we obtain the desired result. r
Now we split the element CaiðuX m; vX nÞ for all u; v A F , m; n A Z and ai A P
long root as follows:
CaiðuX m; vX nÞ ¼ Caiðu; vÞCaiðu;X nÞCaiðXm; vÞCaiðX m;X nÞ
¼ Caiðu; vÞCaiðun;X ÞCaiðvm;XÞCaiðð1Þmn;XÞ
¼ Caiðu; vÞCaiðð1Þmnunvm; vÞ:
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Proposition 4.5. The correspondance
C : K2ðA;F ½X ;X1Þ ! K2ðA;FÞlF 
CaiðuX m; vX nÞ 7! Caiðu; vÞl ð1Þmnunvm
for all u; v A F , m; n A Z and ai A P (long) gives a group isomorphism.
Proof. It is easy to show the well-deﬁnedness of C as a group homo-
morphism. Now we deﬁne F by
F : K2ðA;F ÞlF  ! K2ðA;F ½X ;X1Þ
Caiðu; vÞl t 7! Caiðu; vÞCaiðt;XÞ:
It is also easy to see the well-deﬁnedness of F as a group homomorphism.
Then we see F C ¼ Id, C F ¼ Id. Hence we obtain the desired result. r
Here we see the following convention between Dynkin-diagrams and Cartan
matrics.
Figure D Dynkin-Diagram
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